Abstract-This paper aims to quantify the performance improvement due to the use of fixed relays in the uplink of a wireless cellular network. Consider an orthogonal frequency division multiplex (OFDM) based cellular network in which each cell consists of a base station, multiple mobile users, and a number of relays. The questions of which frequency tones each link should use, whether the mobile station should communicate directly to the base station or though a relay, and how much power should be allocated on each frequency tone, form a simultaneous routing, frequency planning, and power allocation problem. This paper presents a dual decomposition approach to this problem and illustrates that while the use of relays does not necessarily increase the total cell throughput, it significantly improves the minimum common rate achievable across all the mobile users. Thus, the main benefit for deploying relays is in the improvement in fairness, rather than the total throughput.
I. INTRODUCTION
The use of relays to improve the performance of wireless cellular systems has been a subject of intense research activities in recent years. Relays have been shown to be capable of improving the capacity, coverage, and reliability of wireless connections in various settings (e.g. [1] - [7] ). However, the deployment of relays in a cellular network also introduces significant practical challenges. Not only does the use of relays increase deployment cost, network planning and the resource allocation problem in relay networks also become more complicated.
This paper aims to quantify the performance improvement due to the use of relays from a system point of view by considering a resource allocation problem in the uplink of a wireless cellular network with fixed relay infrastructure. We consider an orthogonal frequency division multiple access (OFDMA) based system and dynamically optimize which frequency tones each mobile station (MS) and relay station (RS) should use, whether the MS should communicate directly to the base station (BS) or though a relay, and how much power should be used on each frequency tone. We use a dual decomposition technique and show that such a simultaneous routing, frequency planning, and power allocation problem can be solved efficiently. Further, by comparing with traditional networks while taking deployment cost and fairness across the users into account, we illustrate that the main benefit of relay deployment is in improving the minimum supportable data rate rather than the overall throughput.
Resource allocation issues for wireless cellular networks with relays have been considered extensively in the literature.
On a link-to-link level, various optimization techniques for the allocation of transmit power and frequency in relay networks have been investigated in [8] - [11] . On a network level, load balancing, quality-of-service and proportional fairness considerations have been given in [12] , [13] and [14] , respectively. A central technique emerging from many of these network optimization studies is the idea of dual decomposition. In this realm, [8] studied the joint optimization of relay strategies and resource allocation, while [15] and [16] employed a cross-layer approach and decomposed the problem into a weighted rate sum maximization problem in the physical layer and a routing problem in the network layer.
This paper also advocates the use of the dual decomposition approach, but offers a simplified formulation as compared to [15] , [16] in the following sense. In a cellular network with fixed relays, the mobile users are typically either much closer to the BS, or much closer to one of the relays. Thus, the diversity combining gain from the multiple paths (either from MS directly to the BS or from MS to BS through multiple RSs) is likely to be marginal. Instead of including diversity gain as in [15] , [16] , this paper uses a multicommodity flow model and considers the relays as performing simple multihop decode-and-forward. In this case, the network optimization and resource allocation problem becomes that of deciding whether to transmit directly to the BS or through an RS, and if transmitting via an RS, which RS should be chosen. Further, such a question must be jointly answered with that of power and frequency allocation.
The problem formulation used in this paper is closely related to that of dynamic spectrum management and frequency planning for traditional OFDM networks (e.g. [17] ). In particular, we utilize a theoretical result [18] , [19] , which states that the dual decomposition technique, when applied to OFDM systems with a large number of tones, results in zero duality gap, even when the original optimization problem is nonconvex. This observation leads to efficient spectrum management algorithms and allows a low-complexity solution for the frequency planning problem in OFDM systems [20] .
A key consideration in resource allocation problems for cellular networks is the management of intracell and intercell interference. Current generation of cellular networks are designed so that only one mobile is active at any given frequency/time, thus completely eliminating intracell interference. This paper follows a similar approach whereas only a 1.4km is allowed to be active at any given frequency/time. However, instead of studying each cell in isolation, this paper takes intercell interference into account by following an iterative per-cell optimization approach. We consider a scenario where multiple cells each optimize routing, power allocation and frequency planning within its own cell while treating outof-cell interference as noise-thus achieving an interference avoidance effect for the overall network.
II. PROBLEM SETUP
As the baseline scenario, this paper considers a traditional hexagonally tiled cellular network as shown in Fig. 1 . The mobile users are randomly distributed, each communicating with its own base-station directly, but on non-overlapping frequency tones within each cell.
To compare the baseline system with a relay network in a fair manner, one must explicitly recognize the additional cost associated with deploying the fixed relay infrastructure. Toward this end, this paper assumes that the cost of a RS is a fraction (e.g. 1/3) of the cost of a BS. Thus, by doubling the cell area (thereby reducing the number of BS's required to cover a geographical area by half), one may deploy several (e.g. 3) relays within each cell, while keeping the deployment cost the same as the baseline scenario. Fig. 2 illustrates such a physical setup, where three relays are deployed in a ring centered around the BS, placed at 120 degrees apart and at a distance 2 3 of the cell radius. In this particular case, the cell diameter in the baseline system is chosen to be 1.4km. In the relay-assisted network, the cell diameter is chosen to be 1.98km, reflecting the doubling of the cell area. In both cases, the mobile users are randomly distributed with the same area density.
In the baseline scenario, optimal frequency and power allocation problem is essentially that of optimally assigning users to each frequency tone. In this case, a dual decomposition approach [20] can be used to find the global optimum efficiently. This approach together with the iterative per-cell r, 1.98km cell diameter optimization, which takes into account intercell interference, is adopted in this paper to produce the baseline performance.
The relay-assisted scenario is considerably more complicated. In this case, mobile users have a choice of either communicating directly to the base-station or routing through a relay. Further, such a choice is coupled with frequency assignment and power allocation. In the next section, we provide an optimization framework for solving such a problem in an efficient manner.
III. OPTIMIZATION FOR A RELAY NETWORK

A. Illustrative Example
Consider the illustrative example shown in Fig. 3 with two MS's, two RS's and one BS, labeled as U 1 , U 2 , R A , R B , and B 0 , respectively. There are many ways with which the relays may help the communication between the BS and the MS's. For example, the relay may decode then forward a re-encoded copy of the received signal, or the relay may simply amplify the received signal. Further, the receiver (either BS or MS) may use diversity combining technique to combine signals from multiple paths. As mentioned earlier, this paper focuses on decode-and-forward only, and ignores the possibility of diversity combining. In this case, the main design parameter becomes that of routing.
Consider the uplink scenario in Fig. 3 . The MS U 1 may choose to communicate directly with the BS via h 10 , or via relay A through h 1A − h A0 , or via relay B through h 1B − h B0 . Which link should be used depends largely on the relative strengths of these channels. Alternatively, the MS may choose to transmit part of its data directly to the BS, while transmitting part of its data via relay A and part via relay B. This can be the best thing to do when the channels are frequency selective, in which case one channel may be stronger than another in some frequency tones, but weaker in some other frequency tones. Similarly, U 2 may partially transmit its data directly to the BS and partially via relay B. In this case, U 2 and U 1 in fact compete for resources at relay B, as relay B must ensure that it can support the sum of rates from the two mobile users. Network constraints such as this are flow conservation constraints. They can be captured in a multicommodity flow model as shown in the following.
Consider the uplink scenario. Label the collection of all nodes (including MS's, RS's and the BS) as k = 1, ..., K and the collection of communication links as l = 1, ..., L. The network topology can be represented by a node-link incidence Fig. 3 . A wireless cell with two users and two relays matrix A ∈ R K×L with the elements a kl defined as follows:
T be a vector of L link rates, and
T be a vector of K source rates. The flow conservation constraint can be expressed as (see e.g. [21] , [22] )
For uplink transmission in a network with dedicated relays, the source rates at the BS and RS are 0, while the source rates at the MS's are the minimum supportable user rates.
B. Optimization Formulation
This paper formulates an optimization problem of maximizing the user rates across all the MS's, while maintaining a minimal common supportable rate for all users to ensure fairness. The minimal common supportable rate is incorporated in the vector s. The user rate R k for the kth node is the sum of rates of all links originating from node k, expressed as
where O(k) denotes the set of links originating from node k.
In an OFDM system, the link rate is the sum of bit rates across the N frequency tones, i.e.,
where b l (n) is the bit rate of link l on tone n. The bit rate is related to power allocation as follows:
where p l (n) is the power allocated to link l on tone n, h l (n) is the channel gain for link l on tone n, and σ 2 l (n) is the combined out-of-cell interference and noise on link l at tone n. The network is subject to a power constraint at each node with the power usage at node k expressed as
We can now write down the per-cell joint routing, power and bandwidth allocation problem as follows. Let S denote the set of all links originating from mobile users (but not relays). The objective is to maximize the sum of mobile rates, subject to a minimal common supportable rate across all the mobiles:
The optimization variables are the power allocations p l (n).
The constraints are the routing constraint, the maximum pernode power constraint P max k
, and the constraint that no two links share the same frequency within each cell. This last constraint stems from the assumption that no frequency reuse is allowed within each cell.
C. Solution via Dual Decomposition
The optimization problem formulated in (7) is a nonconvex problem because of the frequency nonoverlapping constraint p l (n)p j (n) = 0, ∀l = j. Fortunately, nonconvex constraint of this type can be handled efficiently for the OFDM optimization problem via dual decomposition due to the following result in [18] - [20] . In the limit of large number of OFDM tones, this particular nonconvex problem has zero duality gap. Further, the evaluation of the dual objective has polynomial complexity, resulting in efficient algorithms for identifying the global optimum solution of (7).
We begin the treatment by writing down the Lagrangian:
where the dual variables are λ ∈ R K×1 and ω ∈ R K×1 . It is possible to rewrite this expression so that it is decoupled across the N frequency tones as seen below:
where A l is the lth column of the matrix A, ω l is defined such that ω l = ω k for all links originating from node k, and δ l is defined such that δ l = 1 for all links originating from sources (i.e. l ∈ S) and δ l = 0 otherwise.
The dual objective g(λ, ω) can now be written down as
The above maximization problem can be decomposed in a tone-by-tone basis. Define
The maximization in (10) then becomes
(12) subject to the same constraints as in (10) .
We can solve the maximization problem in (12) explicitly with the following line of reasoning. Since q n (p l (n), λ, ω) is composed of L terms each depending only on the power allocation on the lth link p l (n), and the constraint p l (n)p j (n) = 0 ∀l = j enforces that only one link may be active at any given frequency tone, the maximization of q n (p l (n), λ, ω) is equivalent to the maximization over L terms, i.e.
subject to the constraint p l (n) ≥ 0. The above maximization problem can be easily solved as b l (n) is a concave function of p l (n). Hence the dual objective function, which now becomes
can be evaluated efficiently in polynomial time.
To obtain the solution to the original optimization problem, it remains to identify the optimal dual variables, which can be found by solving the dual problem
The optimal dual variables λ * and ω * can be found via a dual update method, such as the ellipsoid method. The final step is to recover the optimal primal variables by allowing timesharing and by solving a linear programming problem [23] .
IV. PERFORMANCE EVALUATION
A. Simulation Setup
The objective of this paper is to evaluate the benefit of relaying in a cellular network. Toward this end, we simulate the uplink of a baseline network with 7 hexagonal neighboring cells with 9 users per cell and with a cell diameter of 1.4km. We then simulate a relay network in which the cell area is doubled (with diameter 1.98km), but with 3, 4 or 5 relays deployed within each cell. As mentioned earlier, the rationale for doubling the cell size is to account for the increased deployment cost associated with the relays. In all scenarios, the relays are positioned in a ring around the base station at a distance of 2 3 r, where the cell radius r = 0.99km. The angles between the relays are 120 degrees for the case of 3 relays, 90 degrees for the case with 4 relays, and 72 degrees for the case with 5 relays. Hence, each relay implicitly covers a pieshaped sector within each cell. We place 6 users per sector for the 3-relay case, 5 users per sector for the 4-relay case, and 4 users per relay sector for the 5-relay case, keeping the mobile density roughly equal. Finally, we also simulate a case of 3 relays and 6 mobile users per sector, but with relays located 1 3 r away from the base station. This last scenario explores the effect of relay location within a cell.
The simulation parameters are modeled after the Mobile WiMAX standard [24] with the number of OFDM tones N = 1024. For simplicity, we do not take into consideration the pilot sub-carriers, null sub-carriers, nor do we follow the subchannelization described in [24] . The propagation model used in this simulation incorporates a multi-path time delay profile with Rayleigh fast fading, shadowing, and the path loss effect. The multi-path time delay profile is taken from the ITU-R M.1225 Pedestrian A model [25] . The shadowing effect is modeled using a Gaussian random variable with zero mean and a standard deviation of 8dB.
The simulation follows the optimization framework outlined in Section III on a per-cell basis. We maximize the sum of mobile rates, while maintaining a minimum common rate. Intercell interference is accounted for through an iterative per-cell optimization process over the 7 cells, with intercell interference updated at the end of the each iteration.
A pertinent performance metric of interest is the achievable minimum common rate for all mobile users in the entire network. The minimum common rate is set in the constraint Ar ≥ s in the optimization problem. For each simulation scenario, the largest minimum supportable common rate is found via a bisection search over s. We then report the minimum common rate and the maximum sum rate under this common rate for each scenario. that the relays provide a significant benefit to the minimum common rate, while actually somewhat lowering the overall sum rate. The maximum minimum common rate triples with the deployment of 3 relays (583kbps vs 193kbps). Thus, the major benefit of fixed relay infrastructure is to make the system more equitable, rather than increasing the overall throughput. This is quite a desirable result from an operator's point of view, as fairness is often more important from a revenue perspective as compared to the overall throughput. This result is also intuitively sensible, as the cell edge users are fundamentally limited by path loss and intercell interference. The deployment of relays significantly improves the distancedependent path loss, as the mobiles at the cell edge are much closer to the relays than to the BS. The relays also offer the mobile users the choice of communicating directly to the BS or routing through the nearest relay, thus achieving a path diversity. Finally, deploying relays does not appear to affect the intercell interference significantly in this uplink scenario.
B. Results
The observation that the network with relays does not improve the overall throughput may be related to the fact that frequency reuse is not allowed within each cell in the current optimization setup. Any information that is routed through a relay uses up additional bandwidth resources and may potentially decrease the area spectral efficiency in the system. As the system with relays covers an area twice that of the baseline scenario, future work where frequency reuse is judiciously allowed within each cell has the potential to further improve the performance of relay networks.
Finally, we note that increasing the number of relays seems to give further gains in the minimum common rate. Also, changing position of the relay within the cell from 
V. CONCLUSION
This paper makes progress in the optimization of OFDM networks with relays. We find a solution to the simultaneous routing, frequency planning, and power allocation problem in a cellular network with fixed relay infrastructure and conclude that the major benefit of relays is to make the system more equitable while extending coverage.
